VII. CONCLUSION
The application of the proportional medium theory to radial media produces a wealth of subtle unexpected phenomena, which run from the possibility of "leaky modes, " even for zero partial wave number, to a splitting of the guided modes, that is found to be stable with increasing frequency, and to the existence of modes for which the effective radial medium is entirely negative! If we consider the unusual features of the proportional medium equation, these results may not be so surprising. In any case, it would be very hard to pursue this research with confidence if it were not possible to ballast it with two main guidelines: (1) the proportional medium equation is exact for a conceivable medium. ( 2) The conformity of the behavior of all the solutions at the reflection curves can be used as a check on any further mathematical approximation put forward.
The uniform approximation derived in Sec. V is found to dive through the singularity in exactly the right way. It follows that for high frequencies at least the qualitative features, of the theory here enumerated, are correct. Nonetheless the results obtained are sufficiently important to warrant further careful verification, based on direct numerical integration of the proportional medium equation or even of the coupled equations from which it is derived.
INTRODUCTION
The state of polarization of a light beam changes continuously as it propagates through an optically anisotropic medium. When the light beam is totally polarized and the medium is linear and nondepolarizing, the evolution of the state of polarization along the direction of propagation can be described by the simple linear first-order differential equation'dE/dz=NE, where E is the 2x1. Jones vector of the beam, z is the distance traveled along the direction of propagation, and N is a 2x2 complex matrix that describes the optical properties of the medium. 2 However, this description becomes inapplicable when the beam is partially polarized or when the medium is depolarizing. We deal in this paper with this more general case. We find in Sec. II that for partially polarized light propagating in a linear medium that may exhibit depolarization, the state of polarization is governed by another linear first-order differential equation d S/dz = mS, where S is the 4 x 1 Stokes vector of the beam 3 (whose elements are the four Stokes parameters So, S,, S 2 , and S 3 ), z is the distance traveled along the direction of propagation, and m is a 4X4 real matrix that summarizes the optical properties of the medium. In Sec. III we determine the matrix m for different anisotropic media and also find its relationship to the 2 x 2 Jones matrix N. In Sec. IV we solve the Stokes-vector differential equation for homogeneous nondepolarizing media with arbitrary absorptive and refractive anisotropy. In Sec. V we deal with the case of inhomogeneous anisotropic media and take the classic problem of light propagation along the helical axis of a cholesteric or twisted-nematic liquid crystal as an example. The propagation of light through depolarizing media is illustrated in Sec. VI by a simple example. Section VII contains some concluding remarks on this paper.
THE STOKES-VECTOR DIFFERENTIAL EQUATION
Consider the propagation of a light beam along the z axis of an xyz Cartesian right-handed coordinate system in a linear optically anisotropic medium that may exhibit depolarization (Fig. 1) . We assume that the medium is transversally homogeneous (along the x and y axes), but that it is possibly longitudinally inhomogeneous (along the z axis). We characterize the beam by its Stokes vector S(z) which varies along the direction of propagation z because of the anisotropic and depolarization properties of the medium. The Stokes vectors at z and z +.z are interrelated by where M= r AZ (4) Equation (3) propagation of partially polarized light through anisotropic media. This will be illustrated in Secs. IV and V by specific examples. In general, the solution of Eq. (3) gives a Stokes vector that is a function of z: (5) The first Stokes parameter SO(z) describes the total intensity of the light beam as a function of the distance z traveled in the medium. If the remaining three Stokes parameters are divided by So(z), the resulting normalized parameters
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can be considered as the components of a three-dimensional vector S(z+Az)=MZ,AZS(z), where M 2 ,,a is the Mueller matrix of a thin slab of th medium located at the coordinate z and of incrementthickness Az (the slab bounded at z and z+Az by two planes perpendicular to the z axis). We subtract S(z from both sides of Eq. (1):
where I is the 4 x 4 identity matrix. If we divide both sides of Eq. (2) by Az and take the limit as Az-0, w that specifies the state of polarization of the beam completely. 3 The length of the vector s,
gives the degree of polarization of the beam. The angle (2) between the vector s and the S 3 axis, of an S 1 S 2 S 3 Cartesian coordinate system, is (27-2 E), while the angle between the plane of s and the S 3 axis and the S 1 S 3 coor-'e dinate plane is 20, where 0 and E are the azimuth and ellipticity angle of the polarization ellipse of the totally polarized component of the beam (Fig. 2) . The locus
of the end point of s is a three-dimensional curve C that provides an interesting graphical representation of the evolution of the state of polarization of the beam as it propagates through the anisotropic medium. Such a ed curve has to be confined inside or on the surface of the ate sphere of unit radius centered at the origin, the Poin- 
Equations (11) and (12) relate the differential matrix m, describing the intensive properties of (a thin slab of) the medium, to the Mueller matrix M,, describing the extensive properties of (a thick slab of) the same medium. 
Equation (8) is the form that the general solution of Eq. (3) must take subject to the initial condition S = S(0) at z = 0, from which it is concluded that MO = I identically. By differentiation of Eq. (8) we get
Subsequent substitution of dS/ldz from Eq. (3) into Eq.
(9) gives
if Eq. (8) is used. Finally if we drop S(0) from Eq.
(10), we obtain We now determine the differential matrix m for different nondepolarizing optically anisotropic (and isotropic) media. Specifically, we consider the eight basic types of optical behavior into which an arbitrary optical behavior can be resolved, according to the lamellar representation suggested by Jones.' The eight optical properties are (1, 2) isotropic refraction and absorption, (3, 4) linear birefringence and linear dichroism along the xy coordinate axes, (5, 6) linear birefringence and linear dichroism along the bisectors of the xy coordinate axes, and (7, 8) circular birefringence and circular dichroism. Equation (4) easily provides the differential matrix m from the Mueller matrix of a thin slab of the given medium. As an example, consider the case of a linearly birefringent medium with principal (fast and slow) axes aligned with the x and y axes of the reference coordinate system. The Mueller matrix of a slab of arbitrary thickness z is given by 
An is the birefringence of the medium (i. e., the difference between the principal x and y refractive indices) and A is the wavelength of light. For a thin slab of incremental thickness Az, the Mueller matrix MA. is obtained by expanding the cosine and sine functions in Eq. dM,/dz are readily determined from M, in this case. 7 We applied the same procedure as discussed above for linear birefringence along the coordinate axes to determine m for nondepolarizing media that exhibit the seven other fundamental optical properties listed earlier. The results are summarized in Table I , which also lists the corresponding 2x2 complex differential Jones matrices, for reference and comparison.
It is interesting to note that the differential matrix m for an optically isotropic transparent medium is the null matrix. This is expected because the information on the absolute phase of the wave (the only wave property that would change in an isotropic transparent medium) is suppressed in the definition of the Stokes parameters. This makes the Mueller matrix of a slab of any thickness of such a medium equal to the identity matrix and Eqs. (4) and (12) 
The Jones matrix Jof a thin slab of incremental thickness Az of a medium with a differential matrix N is giv- According to Jones lamellar representation, 1 a thin slab of a given medium is equivalent to a stack of eight subslabs all of equal thickness (8th of that of the original slab) and each possessing one and only one of the eight fundamental properties listed in Table I . Furthermore, the N matrix of the medium of the thin slab is the sum of the N matrices of the media of the subslabs. The same lamellar representation is valid in the present formulation. Consequently, the most general in matrix of a nondepolarizing medium can also be obtained by adding the m matrices that correspond to the different optical properties listed in Table I9: . (29) m of Eq. (29) is the desired differential 4x4 matrix of the anisotropic nondepolarizing medium whose 2x2 dif- 
It is significant to observe that the fundamental optical properties given in Table I -n +nj 
and det indicates "the determinant of" and I is the unit matrix. The transformation matrix T can be partitioned into columns
where Si(i= 1, . . ., 4) are the eigenvectors of m associated with the eigenvalues vi (i = 1, .. . , 4). Si are obtained by solving, for each eigenvalue, the set of four homogeneous linear algebraic equations equivalent to the matrix eigenvalue equation
D. The differential matrix m for a depolarizing medium
We have already seen in Sec. IIIC that the most general matrix m of a nondepolarizing medium has seven independent real parameters at most and that the elements along the main diagonal are equal, while each pair of off-diagonal elements symmetrically located with respect to the main diagonal are equal or differ only in sign. Inthe presence of depolarization, we may have more than seven independent elements in the matrix m and the foregoing symmetry properties are broken. The number of independent elements (up to sixteen) and the nature of the m matrix will depend on the physical mechanisms that cause depolarization. The determination of the m matrices that represent media with depolarization is an important separate problem that we will not discuss here. A simple example will, however, be considered in Sec. VI. The advantage of writing m in the form of Eq. (38) is that the nth power of m is then given by
IV. LIGHT PROPAGATION IN HOMOGENEOUS
as can be readily verified. Raising the diagonal matrix MD to the nth power is simply achieved by raising each and all of its diagonal elements to the same power. If 
It should be pointed out that the foregoing general approach need not be applied when the matrix m is simple with most of its elements equal to zero. This is the case when the medium exhibits any one of the optical properties listed in Table I 
(49) (50) and T represents the net dichroism of the medium. The roots of Eq. (49) are
If we substitute each of the eigenvalues of Eq. (51) The total intensity varies with distance according to ea coshTz, while the polarization vector s is given by s = (3n, y,, 6 ) tanhTz , (57) which is fixed in direction 13 but whose length, the degree of polarization, increases as a hyperbolic-tangent function of the distance traveled. Figure 3 shows the radial trajectory of the point that represents the state of polarization in s space, and also the hyperbolic-tangent growth of the degree of polarization. The propagation of light with an initial polarization other than the unpolarized state can be examined in exactly the same fash- The transformation matrix T that diagonalizes m, Eq.
(38), is constructed from S1, S2, S 3 , and S 4 as columns:
Inverting this matrix, we get cations;
to find the Mueller matrix of M, of a slab of the of thickness z, we substitute Eqs. (60), (64), into Eq. (48) and carry out the matrix multiplithis yields
Notice that M, of Eq. (66) preserves the total intensity (the Stokes parameter SO) of the beam, as is expected in a transparent medium. On the other hand, the three remaining Stokes parameters SX, S2, and S 3 are transformed among themselves in the course of propagation according to the 3 x 3 matrix obtained from M, by deleting the first row and first column.
As an example, consider the propagation of initially right circularly polarized light through the medium with arbitrary refractive anisotropy. Premultiplying the Stokes vector for such light, Sr.= (1, 0, 0, 1) , by the ma- 
which is the equation of a plane perpendicular to the unit vector (n7, -Vn, Aid) and which passes through the point (68) with the Poincar6 sphere. 15 The center point of the spherical cab bounded by this circular trajectory represents one of the two eigenpolarizations of the medium (Fig. 4) . The reader can further verify that the terminus of s periodically describes the circular trajectory at a uniform rate, as the beam progresses through the medium.
C. Media with combined and arbitrary birefrin-ence and dichroism
The m matrix of the general nondepolarizing medium with combined arbitrary birefringence and dichroism is 
The same steps as have been applied to media with either birefringence or dichroism alone can be used in the present general case. However, finding and inverting the matrix of eigenvectors T, and substituting the results in Eq. (48) to get M, involve lengthy and tedious algebra and will be left out.
V. PROPAGATION OF LIGHT IN INHOMOGENEOUS NONDEPOLARIZING ANISOTROPIC MEDIA
For a medium which is inhomogeneous along the direction of propagation the matrix m becomes a function of z. Analytical solutions for the Stokes-vector differential equation, Eq. (3), become feasible only in a few special cases. However, a general procedure that can be applied in this general case involves the division of the medium into a stack of slabs such that m can be considered sufficiently constant within each slab. This permits the application of the results of Sec. IV to each slab separately, leading to the determination of its Mueller matrix. Multiplying, in proper order, the Mueller matrices of all the slabs accomodated within a given thickness gives the Mueller matrix of the total slab of that thickness.
We consider here the problem of propagation of partially polarized light along the helical axis of a cholesteric or twisted-nematic liquid crystal. The large number of earlier treatments 1 8 of this classic problem have been concerned with the propagation of totally polarized light only. 17 We assume the helically twisted birefringence model. We take the principal axes of the first molecular plane (where the light impinges on the crystal) to be aligned with the x and y axes of an xyz reference Cartesian coordinate system whose z axis is the helical axis of the structure and also the direction of propagation. The m matrix of the liquid crystal at a distance z is given by m = R(-pz)mOR(pz),
where mo is the m matrix of the crystal at z = 0 and p is the pitch of the helical structure. mo is the same as the matrix that represents linear birefringence along the coordinate axes listed in Table I and integrate the resulting equations once, we get
where c 4 
The exponential decay of S3 as a function of distance along the direction of propagation indicates a depolarization mechanism that produces gradual equalization of the proportions of the total intensity in the right and left circularly polarized states. Thus incident light polarized in any initial state eventually becomes (partially) linearly polarized after a sufficient distance of propagation. The trajectory of the point that represents the state of polarization in s space, Sec. II, is a vertical line joining the point of initial polarization I and its projection F in the equatorial (sl, s 2 )plane which represents the final state of partial linear polarization (Fig. 5) .
Clearly, if the m matrix of a given depolarizing medium is determined, the evolution of the Stokes vector of a light beam propagating in such a medium can be derived using the same techniques as has been discussed for nondepolarizing media (Secs. IV and V). 
VII. CONCLUDING REMARKS
We have introduced a differential matrix calculus to describe the continuous propagation of partially polarized light through linear anisotropic media that may exhibit depolarization. The calculus is the 4x4 analog, in the Stokes vector-Mueller matrix formalism, of Jones 2 x 2 differential calculus suited for the case of propagation of totally polarized light in nondepolarizing anisotropic media.
Our real matrix calculus is distinct from the 4x4 complex matrix calculus of Berreman and others 20 which also describes light propagation in stratified anisotropic structures. The most fundamental difference is that the wave vector in our calculus is the phenomenological Stokes vector, whereas the wave vector in Berreman's calculus consists of the transverse components of the electric and magnetic field vectors. Another important difference is that our calculus can handle depolarization effects, whereas that of Berreman is not designed for this purpose. For a nondepolarizing medium it should be possible to relate our differential matrix m to Berreman's differential matrix A (hence, the matrix M of the dielectric, permeability, and optical rotation tensors).
In this regard, it should be noted that, in the last of his series of papers on his calculus, 21 Jones determined the relationship between his differential matrix N and the dielectric and gyration tensors of the medium. Because m has been related to N (see Sec. II C), the determination of m in terms of the basic optical properties of the medium (i. e., the dielectric and gyration tensors) is automatically accomplished.
Finally, although we have referred to light waves in particular throughout this paper, the results are obviously applicable to the propagation of other electromagnetic radiation through anisotropic media.
z and the differentiation is elementary.
